Multi-peaked spectra of the primordial gravitational waves are considered as a phenomenologically relevant source of information about the dynamics of sequential phase transitions in the early Universe. In particular, such signatures trace back to specific patterns of the first-order electroweak phase transition in the early Universe occurring in multiple steps. Such phenomena appear to be rather generic in multi-scalar extensions of the Standard Model. In a particularly simple extension of the Higgs sector, we have identified and studied the emergence of sequential long-and shortlasting transitions as well as their fundamental role in generation of multi-peaked structures in the primordial gravitational-wave spectrum. We discuss the potential detectability of these signatures by the next generation of gravitational-wave interferometers.
I. INTRODUCTION
With the long-awaited discovery of the Higgs boson at the Large Hadron Collider (LHC) [1, 2] , the particle content of the Standard Model (SM) has finally been completed but also the question about the accessibility of new phenomena beyond-the-SM (BSM) becomes more and more precious. Currently, the absence of new physics indications either suggests that new particles and/or interactions can only show up at a larger energy scale beyond the current reach of collider measurements, or is due to a lack of sensitivity of the current measurements to very rare phenomena. Clearly, the greater challenge in probing such new phenomena means a weaker interplay and interactions between the SM and new physics sectors indicating a growing demand in new methods and tools.
The recent major discovery of a binary neutron star merger in astrophysics via the gravitational-wave (GWs) channel has opened a new era of multi-messenger astronomy (for a detailed review on cosmological GW sources, see e.g. Refs. [3, 4] and references therein). It is also being considered as a novel experimental window into the new physics related violent phenomena that have been possibly occurring in the very early Universe such as the first-order phase transitions (for a recent thorough discussion, see e.g. Refs. [5, 6] ). There is a further big potential in improving the corresponding sensitivities at the future space-based interferometers such as (Evolved) Laser Interferometer Space Antenna ((e)LISA) experiment [7, 8] , (Ultimate) DECi-hertz Interferometer Gravitational wave Observatory ((ultimate-)DECIGO) [9, 10] , Big Bang Observer (BBO) BBO [11, 12] and Square Kilometer Array (SKA) [13] facilities. Such prospects would potentially provide an access to a plethora of new studies with interconnections between cosmology and particle physics turning cosmology into phenomenological science (see e.g. Refs. [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] ). Such violent processes in the early Universe as the cosmological first-order phase transitions (FOPTs) produce a stochastic GW background via e.g. expanding and colliding vacuum bubbles [28, 29] . The measurements of the corresponding GWs signals may be considered as a gravitational probe for BSM scenarios complementary to collider searches.
The renown Sakharov conditions for baryogenesis [30] are among the basic motivations for considering the strongly first-order electroweak phase transitions (EW PTs) in the course of the thermal evolution of the Universe. Indeed, in addition to baryon number, C/CP violation, a strong departure from thermal equilibrium such as via FOPTs is necessary to prevent dilution of the generated baryon asymmetry. In fact, neither a sufficient CP violation nor a strong enough EW PT are generated in the framework of the minimal SM (with a single Higgs SU EW (2) doublet and the with observed Higgs boson). For the purpose of resolving this problem, often one introduces extended scalar sectors which contain additional EW Higgs doublets and singlets. Quite notably, even such minimal BSM scenarios such as the Two-Higgs Doublet Model [31] and the Singlet-Extended SM [32, 33] enable us to successfully satisfy the Sakharov conditions giving sufficient means for the EW baryogenesis mechanism [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] .
The additional EW doublet and singlet scalar fields dramatically affect the vacuum structure which exhibits a quickly growing complexity. Due to this fact, already in simple SM extensions a possibility for PT patterns with several successive first-order transitions steps emerges. The latter sequential transitions become a rather common feature in the parameter space of such models and thus deserve a special attention. Multi-step EW PTs were previously discussed in e.g. Refs. [35, [45] [46] [47] [48] , particularly, in the context of baryogenesis. Normally, if phase transitions are of first order already at tree level they remain strong at higher orders as well (for more details, see e.g. Refs. [35, [49] [50] [51] [52] . The FOPTs amplify the free-energy release thus substantially enhancing the GW signals associated with expanding vacuum bubbles of a new phase, while a possible connection between the observable GWs spectrum and the efficiency of baryogenesis remains questionable. Besides the strong FOPTs, there are also relatively weak and long-lasting EWPTs which are typically of the second order at tree level. As soon as radiative corrections are incorporated, a barrier between the two minima appears turning the second-order PTs into the weakly first-order ones [24, 52] . The current work is devoted to a thorough analysis of a possible interplay between the weak and strong FOPTs in a simple scalar-sector extension with an additional Higgs SU EW (2) doublet and a complex scalar singlet fields.
We investigate a possibility for probing the multi-scalar new physics models via their gravitational footprints that emerge due to specific sequential EWPT patterns and a nontrivial vacuum structure significantly extending our previous study of Ref. [24] . We notice that the GW spectra emerging in multi-step EWPTs in a combined pattern with, at least, one weak and one strong FOPTs occurring at well-separated temperatures in the early Universe naturally exhibits a multi-peaked shape. Under certain conditions, the latter may be, in principle, accessed by future space-based GW observatories (for an earlier discussion of multi-step transitions, see Ref. [53] ). An observation of such a characteristic signature would be a strong signal favouring multiple symmetry breaking stages and hence a more complicated structure of the scalar potential than the one adopted in the SM framework.
In this work, we consider a particular example of the Two-Higgs Doublet Model with an additional complex EW singlet scalar (2HDSM, in what follows) and show that such multiple peaks in the GWs spectrum frequently occur due to sequential weak and strong first-order EWPTs in this model. We perform a sophisticated numerical scan over the large parts of the parameter space and identify regions where such multiple phase transitions could leave potentially observable GWs signatures.
The article is organised as follows. In Section II we briefly introduce the basics of the 2HDSM structure and parameter space used in our numerical implementation. In Section III, we discuss the properties of the one-loop effective potential and thermal corrections as well as elaborate on the formalism and examples of multi-step phase transitions. In Section IV, the basic formalism and key characteristics of the primordial GW spectrum have been described, along with numerical results of our simulation. In Section V, we elaborate on possible exotic cosmological objects emerging due to parallel first-order phase transition steps of different types and discuss their consequences qualitatively. Finally, in Section VI we provide brief concluding remarks, while Appendix A contains the basics of the GW production formalism in single-step transitions.
II. TWO-HIGGS DOUBLET MODEL WITH A COMPLEX SINGLET
A typical new physics scenario incorporates several scalar fields in the potential that could be responsible for triggering the EWPTs. Even with very few scalar degrees of freedom, new very peculiar PT patterns emerge with multiple sequential symmetry breaking steps, see for instance, Refs. [24, 52] . In such rather common cases, a non-trivial underlined vacuum structure and its thermal evolution is expected in the early Universe.
For a basic illustration of generic properties of multi-step EW FOPTs, we follow Ref. [24] and consider one of the minimal extensions of the SM Higgs sector that emerges as one of the possible low-energy limits of the high-scale trinification theory studied for the first time in Refs. [52, 54, 55] . A comprehensive analysis of the model structure and its tree-level vacuum was performed recently in Ref. [52] , so here we provide only a brief description relevant for the forthcoming discussion of EWPTs and GW signals in this model.
Besides the SM Higgs field H 1 and the SM gauge symmetry G SM the considering 2HDSM contains an additional EW doublet H 2 and a complex singlet S fields which are charged under an additional global U(1) F family symmetry. The corresponding charges under SU EW (2) × U(1) Y × U(1) F can be summarized as follows
The resulting potential possesses three approximate discrete Z 2 symmetries with respect to separate transformations H 1 → −H 1 , H 2 → −H 2 and S → −S which significantly simplify the vacuum structure of the model (for more details, see Ref. [52] ). At tree level, a minimal renormalizable potential with spontaneously
breaking in the considering model reads
Here, the last term represents a soft breaking of U(1) F enabling to give a (small) pseudo-Goldstone mass to the imaginary part of S field known as the Majoron and thus making it play a role of a Dark Matter candidate [56] [57] [58] [59] [60] . It is worth mentioning here that Majoron also provides an important bridge between the neutrino mass generation mechanisms and the characteristics of the EWPTs (and hence the resulting GWs spectra) which has been established for the first time in Ref. [27] . In order to generate a small Majoron mass responsible for the global U(1) F symmetry breaking, a possibility mentioned in Ref. [52] is to take into account nonperturbative interactions of the Majoron with the QCD vacuum (gluon condensate). Such interactions provide a small contribution to the masses of scalar bosons through their interactions with the Higgs condensate. A conservative bound on the pseudo-Goldstone mass emerging due to non-perturbative QCD interactions reads
assuming that U(1) F is broken at the EW scale, α s is the strong coupling constant in QCD, and G a µν is the standard gluon stress-tensor. Such a small value of the Majoron mass, implying also |µ b | |µ 1,2,s |, will be safely neglected compared to masses of other particles in numerical analysis below.
Expanding the scalar fields in terms of their real and imaginary parts 5) and the classical field-dependent (tree-level) potential reads
where λ 12 = λ 3 + λ 3 . The classical potential is bounded from below (BFB) as long as
are satisfied [52] . We restrict all quartic couplings to be below ten in our numerical analysis, in consistency with a generic perturbativity constraint |λ i | < 4π.
In this study, we consider only the case of softly broken U(1) F and spontaneously broken EW symmetries asymptotically at zero temperature, i.e.
In this case, the SM vacuum stability condition µ 2 1 = λ 1 v 2 h implies the presence of a SM Higgs boson which does not mix with other CP-even scalars as the mass form is readily diagonal. The corresponding scalar mass spectrum reads
Here, the U(1) F breaking term, µ 2 b , introduces a small splitting between the Majoron CP-odd scalar mass m S I and one of the CP-even scalar masses m S R . Note, in the presence of µ 2 b > 0 the Majoron mass m S I would be the lowest in the scalar sector. The positively-definite scalar masses squared, together with the BFB conditions (2.7), ensure the vacuum stability.
In addition to the SM fermions, the model may also contain additional species of vectorlike fermions at a TeV scale that could be relevant e.g. for an enhanced CP violation in the model. These additional heavy fermionic components typically play a secondary role in the properties of the EWPTs in this model and hence their impact on the GWs spectrum is expected to be minor. So, for the purposes of the current pioneering study of multi-peak characteristics of the resulting GWs spectrum we omit such degrees of freedom in this model and are focused primarily on its rich scalar sector.
As was discussed in Refs. [24, 52] the main features of EWPTs in this model, such as sequential FOPTs, are rather generic phenomena relevant for various multi-Higgs SM extensions. So, the considering model, due to its apparent simplicity, could be viewed as an important benchmark model for future thorough studies of cosmological implications of multi-scalar new physics scenarios.
III. MULTI-STEP PHASE TRANSITIONS IN 2HDSM
As the Universe expands and cools down, thermal evolution of its EW-breaking vacuum state is governed by the temperature-dependent part of the effective potential (see e.g. Ref. [61] ). The shape of the effective potential is affected by thermal corrections which are determined by a given field content and symmetries of an underlying theory at any temperature T e.g. in the one-loop approximation.
A. Effective T -dependent potential
For the purpose of exploring the features of EWPTs in the considering 2HDSM model, we construct the effective T -dependent potential to the one-loop order in perturbation theory in the following form [61, 62] ,
where the tree-level (classical) part V 0 is given by Eq. (2.6), V
CW is the zero-temperature Coleman-Weinberg (CW) potential determined at one-loop level, V ct is the counterterm potential, and the ∆V (T ) term contains the lowest-order thermal corrections.
The CW potential in Landau gauge has the following standard form,
where F = 0(1) for bosons (fermions), m 2 i (φ α ) is the φ α -field dependent mass of the particle i, n i is the number of degrees of freedom (d.o.f.'s) for a given particle i, Λ is a renormalization group (RG) scale and, in the MS-renormalization scheme, the constant c i is equal to 3/2 for each d.o.f. of scalars, fermions and longitudinally polarised gauge bosons, and to 1/2 for transversely polarised gauge boson d.o.f.'s. In fact, only heavy SM fermions and scalars have sufficiently large field-dependent masses to substantially contribute to the evolution of the shape of the potential in the course of thermal evolution of the Universe.
The choice of the RG scale Λ in the fixed-order effective potential becomes particularly relevant when a given mass is very different from the EW VEV v h . In order to reduce the dependence on the RG scale choice, in this case one typically employs the so-called RGimproved effective potential where the couplings and masses are replaced by their running values evaluated at the RG scale Λ. In our current analysis of EWPTs, we consider the scalar boson masses and nucleation temperatures that are typically not very far from the EW scale, v h 246 GeV, such that all the relevant potential parameters can be considered as (approximately) fixed at the RG scale and equal to the EW scale, i.e. Λ = v h in what follows.
The thermal correction term ∆V (T ) at one loop is given by [61] :
where J B and J F are the thermal integrals for bosons and fermions, respectively, given by
In the first non-trivial order of thermal expansion ∼ (m/T ) 2 , the thermal corrections can be represented as follows
5)
where all the field-independent terms are dropped out. Here, M αβ is the field-dependent scalar Hessian matrix, and n i are the numbers of d.o.f's for a given particle i. In particular, for the SM vector bosons (W, Z and transversely polarised photon A T ≡ γ), (t,b) t, b (anti)quarks and τ -lepton we have
while for longitudinally polarised photon (A L ) and the scalar sector n s = 10,
Appearance of T 2 -terms in ∆V (1) (T ) signals a symmetry restoration at high temperatures.
At the same time, the emergence of higher-order terms with possibly alternating signs in the effective potential are responsible for building an important barrier between the highand low-T phases. Such a barrier affects, in particular, the character of the corresponding phase transition capable of turning a second-order transition to a first-order one.
Since the trace of the Hessian in Eq. (3.5) is basis invariant, in practical calculations in the leading-order O((m/T ) 2 ) it is particularly convenient to use the gauge basis considering only diagonal elements of the scalar mass form. Therefore, the leading thermal corrections of order T 2 would affect only quadratic (in mean-fields) terms of the tree-level potential V 0 given by Eq. (2.6). In this way, they preserve the shape of V 0 and affect only the masses of the scalar fields.
The symmetry restoration due to T 2 -terms in the effective potential usually signals the breakdown of perturbation theory. This means that an all-order resummation of higher order contributions known as daisy (or ring) diagrams is required [63] [64] [65] [66] . The latter resummation is in practice achieved by adding the finite temperature corrections to the field-dependent masses entering the effective potential (3.1) as follows
where c α are found by analysing the infrared limit of the corresponding two-point correlation functions in the considering 2HDSM:
The thermal corrections are then universally introduced to the physical (field-dependent) scalar boson masses replacing {µ α } by the thermal mass terms {µ α (T )} given by Eq. (3.8).
Note, in calculations beyond the leading order performed below, such a simple form (3.5) with a trace of the Hessian does not apply any longer. In this case, a full mass form diagonalisation procedure of the one-loop effective potential incorporating the thermal mass terms (3.8) should be implemented.
In a full analogy to the scalar sector, the temperature dependence of the vector boson masses at the leading-order is introduced by adding the T 2 -corrections to the diagonal terms of the gauge boson mass matrix. It is worth noticing here that only longitudinally polarised states {W + L , W − L , Z L , A L } receive thermal corrections such that their masses are obtained by means of diagonalisation of the corrected mass form
Here, the zero-temperature mass matrix is M 2 gauge (φ 1,2 ), with eigenvalues
While the mass of the transversely polarised photon, m γ , is zero, in thermal medium the photon acquires a longitudinal polarisation A L which has a non-zero thermal mass. The gauge boson mass eigenvalues are given by
with the field-dependent W, Z boson masses given in Eq. (3.12), and
Due to the presence of one-loop corrections at T = 0 entering via the CW potential V CW , the VEVs and physical masses are shifted from their tree-level values. On the other hand, one should ensure that the measured physical value of Higgs boson mass, m h 125 GeV, and the Higgs VEV, v h 246 GeV, are reproduced in the T = 0 limit. For this purpose, one introduces the counterterm potential V ct in Eq. (3.1). Assuming for simplicity that the one-loop corrections to the quartic self-interaction couplings are small δλ λ for not very large variations in energy scale of the phase transitions, one can compute the counterterms only for the mass terms [40] . Provided that at T = 0 only H 1 acquires a VEV,
such that the tree-level mass formulas remain intact at zero temperature.
B. Multi-step phase transitions
The phase transitions are considered as dynamical processes describing certain nonperturbative solutions of the equations of motion. Such solutions are known in the literature as instantons (see e.g. Refs. [67, 68] ). While in the high-T regime these processes are dominated by thermal jumps, at low T they occur mainly through quantum tunnelling. Both these cases are normally described by means of the same formalism which is based upon a consideration of classical motion in Euclidean space. The corresponding classical action reads [69] 
where the full one-loop T -dependent effective potential V eff is specified in Eq. (3.1) and is computed for a particular multi-scalar extension of the SM such as the 2HDSM scenario presented above. Here,φ is a particular solution of the equation of motion that is found by computing the path minimizing the energy of the corresponding field [69, 70] . The nucleation processes of vacuum bubbles happen effectively at T n known as the nucleation temperature. It is found by a requirement that the probability for a single bubble nucleation per horizon volume is equal to unity, such that
is the volume of the cosmological horizon, and ζ ∼ 3 · 10 −3 , and
is the tunneling rate per unit time per unit volume [68] . The requirement (3.18) numerically translates to the following equation [61, 68] 
It may also happen that equation (3.20) does not have any solution such that transitions do not occur during the thermal history of the Universe [38] . While such a transition may still eventually occur at asymptotically large times and at T = 0 via quantum tunneling, we do not discuss such cases in this work. Instead, we are focused only on transitions that happen at sufficiently large T as long as nontrivial solutions of Eq. (3.20) can be found.
The key quantity one would like to study is the strength of the phase transitions. In the case of one-Higgs-doublet SM the standard criterion for strong FOPTs reads [ with η being dependent on a particular representation of the extended scalar sector. It was shown in Ref. [73] that in a generic case of the effective potential the sphaleron suppression criterion (3.21) is manifestly not gauge invariant (see also Ref. [74] ). As was mentioned above, near the critical temperature, the quantum O( ) corrections to the potential become as large as the tree-level contributions such that the power -expansion breaks down. A proper gauge-invariant resummation of daisy (or ring) diagrams for the effective potential in its minimum and the corresponding generalisation of the sphaleron suppression criterion has been performed in Ref. [73] .
In order to derive the properties of the EWPTs, one should analyse the tunneling probabilities and nucleation temperatures which require a detailed analysis of the effective potential away from its minima. The conventional formalism based upon the full one-loop (Tdependent) effective potential generically suffers from gauge dependence, see e.g. Refs. [75] . The gauge dependence has a less pronounced impact on the results if there is a barrier between the minima at tree level, hence, for the strong FOPTs [76] [77] [78] . Since the fully gauge-invariant formalism is not yet available, we follow the effective potential approach commonly adapted in the current literature and study all the possible phases and transitions between them in the framework of 2HDSM. An analogous study in a gauge-invariant approach outside the minima of the effective potential goes beyond the scope of the present analysis and is advised for future work.
In what follows, we consider that a strong FOPT relevant for efficient production of GWs in the considering 2HDSM occurs when (c.f. Ref. [38] )
where v 1,2 (T ) are the Higgs doublet H 1,2 VEV and v s (T ) is the EW singlet VEV values at a given T , such that ∆v n is the absolute value of difference between the order parameter v(T ) computed before and after a phase transition, with δT taken to be sufficiently small, i.e. δT T n . Eq. (3.23) is somewhat different from a more standard sphaleron suppression criterion given in Eq. (3.22) . Indeed, first, we can have phases with non-zero EW-singlet (Majoron) VEV which certainly contributes to the sphaleron suppression. Second, the actual phase transition does not start at T c , but rather at a somewhat lower T n when the bubble nucleation rate exceeds the rate of cosmological expansion. So, we consider the condition (3.23) reflecting these two points as more generic and appropriate for our purposes.
The strong FOPTs are practically relevant for production of the pronounced GW signals potentially accessible by future GWs interferometers [18] [19] [20] . In this work, we do not explicitly compute η in Eq. (3.23), but only ∆v n and T n separately. In practice, the condition (3.23) is not really used for separating the strong and weak FOPTs and plays a secondary, rather indicative role. Indeed, as we will notice below, in some cases the transitions with smaller ∆v n /T n are capable of producing a larger GW peak than those with larger ∆v n /T n . We take another, more phenomenological approach, namely, for each FOPT found in a vast numerical scan (see below) we calculate the peak-amplitude of the corresponding GW spectrum and compare it to the sensitivity curves, known for each of the planned next-generation GW interferometers. If the value of such peak-amplitude comes anywhere close to the sensitivity domain, we consider such FOPT as a "would-be" strong or, in fact, strong enough to yield a potentially observable GW signal. As we will notice below, such "physical" cases can emerge from FOPTs with as low ∆v n /T n as 0.01 − 0.1.
The nucleation temperature T n for a given transition can be found by using e.g. the CosmoTransitions package [70] which enables one to evaluate the Euclidean actionŜ 3 and thus to analyse the PTs between the corresponding vacua. Here we are particularly interested in studying the sequential EW FOPTs referred to as multi-step PTs in what follows. As a result, one can expect more than a single transition for a given point in the model parameter space and, hence, successive nucleation of bubbles corresponding to physically different vacua states.
Considering now the VEVs of the scalar fields v α ≡ φ α vac = {v 1 , v 2 , v s }, one may identify several distinct configurations that represent the only existing phases [52] : (0, 0, 0), (v 1 , 0, 0), (0, v 2 , 0), (v 1 , v 2 , 0) and (0, 0, v s ). In what follows, we label that as [0], H 1 , H 2 , H 12 and Φ, respectively. At tree level, the possible FOPTs were found to be as follows:
The latter occur already in the leading (m/T ) 2 order in the thermal expansion. Thus, they are considered to be very strong also at one loop level. As was noted above, for simplicity, let us choose H 1 to be a stable phase asymptotically at T = 0, such that v 1 ≡ v h 246.22 GeV. At finite temperatures, the Universe typically passes through intermediate phases corresponding to a set of non-trivial vacua with all VEVs {v 1 , v 2 , v s } being generically non-zero. Note, a discussion of the phase transitions between the H 1 , H 2 and Φ vacua is simple and illuminating in the study of multi-step EWPTs but also represents the basic features of a more involved scenario with a more generic EW-breaking ground state H 12 at T = 0.
In the rest of this section, for simplicity, we consider the following two possible sequences of PTs to the stable vacuum state H 1 asymptotically at T = 0:
where the intermediate phases can only be stable at finite temperatures and then get destabilised in the course of Universe expansion along certain directions in multi-dimensional field space. Whenever the condition (3.20) corresponding to a transition i → j is satisfied, a bubble of phase j is nucleated inside the phase i, at a given nucleation temperature T n (i → j). The [0] → Φ transition is unique among the other steps due to the fact that it becomes first-order by means of the thermal-loop corrections, while the other transitions considered so far are of strong first order already at tree-level. This is in the spirit of other models studied in e.g. Refs. [35, [45] [46] [47] 50] , when a weak cross-over transition at tree-level becomes a first-order transition at one-loop caused by cubic contributions in the m/T expansion. Despite this, [0] → Φ is still considerably weaker than the other transitions.
Depending on the particular choice of the model parameters, one or another pattern can be realised. If we start from pattern (I), then the Universe cannot pass through the H 2 phase, i.e. pattern (II) does not occur. However, if for a given choice of the parameters the second pattern (II) is realised to start with, when the Universe cools down below T n (H 2 → H 1 ) it is in principle possible that both strong first-order transitions Φ → H 1 and Φ → H 2 can occur in parallel as long as the difference between the corresponding nucleation temperatures is small, i.e. T n (Φ → H 1 ) − T n (Φ → H 2 ) ∆T , where ∆T ∼ 10 GeV is the typical time scale of the bubble percolation process. Indeed, as the scalar potential evolves with temperature the initial phase Φ becomes unstable also along the H 1 direction (due to disappearance of the potential barrier between the phases Φ and H 1 ). Multi-step transitions can also occur if, e.g. a potential barrier is generated in the H 1 direction, producing a false H The parallel transitions may occur, for example, when symmetries in the tree-level potential enforce the nucleation temperatures to be identical as in e.g. Ref. [80] . In particular, different transition sequences e.g. Φ → H 1 and Φ → H 2 might have occurred at the same cosmological time scale such that the "coexisting" bubbles of different broken phases nucleate simultaneously (see below). In addition, even more exotic cosmological objects may emerge. For example, looking at the second and third steps in [0] → Φ → H 2 → H 1 , which happen at T n (Φ → H 2 ) T n (H 2 → H 1 ), we notice that between T n (Φ → H 2 ) and T n (H 2 → H 1 ), the H 2 -bubbles nucleate in the Φ-phase. In the course of their expansion, at the temperature T n (H 2 → H 1 ) the H 1 -bubbles are being born and start to nucleate inside the H 2 -bubbles. This means that the Φ-phase gets populated with the H 2 -bubbles having also the H 1 -bubbles inside. This configuration gives rise to "nested" bubbles. These are typical examples of exotic objects that can emerge in multi-Higgs models. The singlestep formalism cannot be applied in this case, and a more sophisticated analysis involving e.g. H 1 H 2 bubble collisions should be developed.
However, in the considering particular extension of the Higgs sector, the 2HDSM scenario, a small hierarchy between the nucleation temperatures requires a significant fine-tuning between the model parameters as there is no symmetry that would make such an hierarchy natural. For large regions of the parameter space that we have explored in our numerical simulations with the full one-loop effective potential (see below), the typical differences between the nucleation temperatures for any of the two subsequent transitions are above 20 GeV. This means that, for instance, once the pattern (II) has been chosen to start with, no Φ → H 1 transition happens in practice. Indeed, by the time the Universe cools down below T n (H 2 → H 1 ), the H 2 bubbles are already completely percolated and no Φ phase remains. Since in our scenario an occurrence of simultaneous strong first-order transitions is highly unlikely, in what follows we are focused on distinct transition patterns that do not overlap in the course of cosmological expansion.
IV. PRIMORDIAL GRAVITATIONAL WAVES
Such violent in-equilibrium processes in the early Universe as phase transitions are expected to leave a stochastic background of primordial GWs as a signature. In the first approximation, the primordial stochastic GW background is statistically isotropic, stationary and Gaussian. Its power spectrum is given by the energy-density of the GW radiation per logarithmic frequency [16, 81] 
where ρ c is the critical energy density today. The production of GWs in the early Universe is usually considered to be driven by three different sources [82] ,
due to collisions between the bubble walls [83] , Ω coll , the sound wave (SW) echoes generated after the phase transitions [28] , Ω SW , and the associated magnetohydrodynamic (MHD) turbulences in the plasma [84] , Ω turb , respectively. Following the discussion in Ref. [85, 86] , we notice that the bubble wall collisions typically do not contribute to the GWs production processes in the considering class of multi-scalar extensions of the SM. Only in a hypothetical case of runaway bubbles corresponding to the situation when the bubble wall undergoes unbounded acceleration, i.e. v b → 1, as α increases, the bubble wall collisions may become relevant. However, this limit is not realised in our analysis (at most, contributing to a small theoretical uncertainty of it) and hence we do not discuss the runaway bubbles and the bubble-wall collisions effect any longer. The dominant SW and MHD contributions have been briefly discussed and the corresponding semi-analytic formulas are given in Appendix A.
The key quantities needed for the computation of the GWs power spectrum are the inverse time-scale β of the phase transition (in units of the Hubble parameter H),
and the latent heat, α, released during the phase transition relative to the energy density of the Universe,
where T n is the nucleation temperature,Ŝ 3 is the Euclidean action introduced above, V i and V f the values of the potential in the initial (metastable) and final (stable) phases of the effective potential, and where f is the GW frequency, and f peak is the peak-frequency containing the redshift associated to the expansion of the Universe. Detailed expressions for each relevant GW source in terms of β/H and α quantities used in our computation of the power spectrum can be found in Refs. [16, 81, 82] and are also given in Appendix A, for an easy reference.
A. Properties of GWs spectra from separate phase transitions
Let us discuss now the basic characteristics of the GWs spectra focussing on separate weak and strong first-order phase transitions in the 2HDSM scenario. In the analysis below, we set up a generic large scan at a computer cluster performed over the parameter space of the model with full one-loop T -dependence effective potential implemented in the CosmoTransitions package [70] . We find various possible phase transition patterns this way and for each transition we compute all its basic characteristics needed for consistent evaluation of the produced GW spectra. For single-step transitions in particular we employ the well-justified formalism of Ref. [16, 81, 82] for derivation of the associated GWs spectrum, h 2 Ω GW . As was mentioned above, in the typical multi-scalar scenarios such as the (A4) (right panel) against the peak value of the corresponding net produced GW signal, h 2 Ω peak GW , and its peak frequency, f peak , in the considering 2HDSM scenario. Here and below, dashed grey lines indicate sensitivities of the LISA [7, 8] and LIGO [87, 88] interferometers, as well as proposed DE-CIGO [9, 10] , BBO [11, 12] and SKA [13] missions (see also Ref. [89] ). The "ultimate-DECIGO", "ultimate-DECIGO-corr" and "DECIGO-corr" sensitivity curves are taken from Ref. [90] , while the sensitivities for other measurements can be found in Ref. [91] .
one considered in this work the collisions of bubble walls do not take part in production of GWs unless an unrealistic bubble runaway configurations with abnormally large α are concerned (for more details, see a discussion in Ref. [85, 86] ). So the GW signal computed as the energy density per logarithmic frequency of the GW radiation is a linear superposition of two components corresponding to the MHD turbulences in the primordial plasma and the SW component generated by expansion of bubbles (see above). Since being produced at very early stages of the cosmological evolution, these signals get further effectively redshifted contributing to the stochastic GW background probed by a GW spectrometer.
For simplicity, we adopt H 1 = {v h , 0, 0} to be the stable vacuum state asymptotically at T = 0 and ensure its stability by imposing the positivity of the scalar mass spectrum (2.11), the BFB conditions (2.7) and the perturbativity constraints on quartic self-interactions, |λ i | < 10. Note, we do not restrict ourselves to any particular set of initial states and the phase transition patternsá la those in Eqs. (3.24) and (3.25) discussed in the previous section. So, the results presented here and below are generic enough to represent all potentially interesting scenarios in the 2HDSM from the GWs phenomenology point of view.
In what follows, we show the scatter plots where each point represents a particular phase transition found for a given parameter space point in the 2HDSM scenario generated by our simulation. For each such phase transition, we have collected all potentially relevant information about its characteristics and, most importantly, have evaluated the key quantities needed for building the GWs spectrum produced in such a transition. In all the scatter plots below, the same phase transition points are shown focussing on their different characteristics.
From the phenomenological perspective, the most relevant quantity is the peak value of the GW power spectrum, denoted in what follows as h 2 Ω peak GW (see Eq. (4.2)), as well as the corresponding peak frequency f peak . Despite that the largest density and the amount of points found in our simulation emerge below the projected sensitivities of the near-future interferometers, a subset of such transitions can already be probed by the BBO and even . Both quantities are given on the logarithmic scale against the peak value of the corresponding net produced GW signal, h 2 Ω peak GW , and its peak frequency, f peak , in the considering 2HDSM scenario.
LISA interferometers whose data therefore may set potentially relevant constraints on the 2HDSM model parameter space.
Particularly, in Fig. 1, we show the distribution of all the phase transition points found in our simulation together with the sensitivity curves of the planned GW interferometers, where the color scheme represents the ratio ∆v n /T n in logarithmic units (left panel), as well as the characteristic bubble wall velocity v b (right panel). For the phase transition points we have collected here, there is a mild correlation between h 2 Ω peak GW and f peak values such that most of the points are accumulated along a bend stretched between the upper left and lower right corner of the figure. Often, larger GW amplitudes generally prefer smaller frequencies, with some small islands of points somewhat deviating from this trend. Remarkably, in the considering multi-scalar model a relatively large portion of the generated set of green points (corresponding mostly to the FOPTs with large ∆v n /T n ∼ 1 ratio) can be probed by future GW interferometers.
We notice that for the majority of FOPT points there is an apparent correlation also between the ratio ∆v n /T n and the magnitude of the corresponding peak in the GW power spectrum such that the stronger transitions (i.e. with larger ∆v n /T n ) often correspond to larger values of h 2 Ω peak GW and somewhat smaller frequencies, although for the latter such a correlation is minor. Indeed, it is well expected that the intensity of the GW signals should grow with the strength of the transition. Quite a few points that exhibit a large ∆v n /T n ∼ 1 ratio have been found in the sensitivity domain of the LISA experiment, and this trend is clearly correlated with the latent heat trend shown in Fig. 2 (left panel) . Often but not always, such transitions are strong first-order ones already at tree level. This correlation is not universal though, namely, roughly in the middle of the plot we discover a sparse but rather populated family of red points that overlap with many green and yellow points and also stretch towards somewhat lower frequencies. This means, quite remarkably, that the observable GW signatures within the "u-DECIGO-corr" sensitivity domain may also arise even from transitions, with ∆v n /T n ratio having quite low 0.01 − 0.1 values. This is the reason that the criterion suggested in Eq. (3.23) does not unambiguously and uniformly represent the PT strength criterion since in some cases there is a strong anti-correlation of the ∆v n /T n ratio value with the GW peak-amplitude. We consider a few such points among our benchmark scenarios below.
The bubble wall velocity is computed in Eq. (A4) and takes typical values ranging between 0.6 and 0.9. The correlation between the peak value of the GWs spectrum and v b is rather uniform, such that h 2 Ω peak GW gradually increases with the growth of the wall velocity, while the peak frequency has a tendency to decrease with v b . The characteristic values of v b that correspond to potentially observable GWs signals by LISA and BBO experiments lie beyond 0.8-0.9.
In Fig. 2 , for each of the phase transition points shown in Fig. 1 we, illustrate the released latent heat α that is given by Eq. Again, a clear correlation between the magnitude of the GW peak-amplitude, h 2 Ω peak GW , the corresponding peak-frequency, f peak , with respect to α and β/H is observed. Quite expectedly, the stronger phase transitions with larger v b and h 2 Ω peak GW generally have larger α and smaller β/H values (hence, release larger amounts of heat and last longer on the time scale of the Universe evolution).
In Fig. 3 , we present the VEVs of the scalar fields at finite temperatures corresponding to the classical field configurations before (v i 1 , v i 2 , v i s ) (left panels) and after (v f 1 , v f 2 , v f s ) (right panels) the corresponding phase transition for each given point generated by our simulation. Such plots enable us to investigate the phase structure of the T -dependent vacuum. Despite that some points overlay on top of each other, we clearly see some tendencies that are generally seen for large domains in each panel. For example, we notice that there are a few very strong first-order transitions with GWs signals in the LISA domain, where the initial phase corresponds to all VEVs being either zero or small, and the final phase contains very
GeV, while v f s remains to be small. Of course, this tendency is by no means unique and one can observe other cases too. Note, due to a specific structure of interactions and U (1) F charges in the considering 2HDSM scenario, the phase structure of H 1 and H 2 fields look somewhat different.
B. GWs spectra from sequential phase transitions
In our numerical analysis, the nucleation temperatures for two sequential phase transitions (a) and (b) satisfy T (a) n − T (b) n > ∆T ∼ 10 GeV, such that bubbles nucleation in the transition (b) starts only after the bubbles of the transition (a) completely percolate. In this typical case, the corresponding first-order phase transitions are well-separated and occur at very different time scales such that the well known formalism of Ref. [16, 81, 82] for derivation of the GWs spectrum, h 2 Ω GW , emerging from single-step transitions is justified. For successive well-separated transitions like the ones discussed here the net GW energy density is just the mere superposition of the corresponding contributions emerging from the single-step transitions yielding well-separated (in frequency) GWs signals, or peaks in the GW spectrum. Even though it is quite obvious that such a superposition should naturally lead to the multi-peaked signatures in the power spectrum of GWs, an explicit calculation in a particularly simple extension of the Higgs sector that adopts, at least, two such transitions is lacking the literature.
For some of the parameter space points found in our numerical scan, we have identified two and even more sequential phase transitions, with rather distinct characteristics. We extracted and presented in Fig. 4 (left panel) all the double-peak GW spectra configurations , computed before (left panels) and after (right panels) the corresponding phase transition. These quantities are provided together with the peak value of the corresponding net produced GW signal, h 2 Ω peak GW , and its peak frequency, f peak , in the considering 2HDSM scenario.
by connecting two subsequent peaks by a straight line for each such configuration. In other words, each line corresponds to a single double-peak GW spectrum generated by two sequential first order phase transitions found for a given parameter space in the 2HDSM. Despite of a few outliers, we notice two big groups of such double-peak configurations. One group accumulates the lines approximately stretched between upper left and lower right conner connecting one big potentially visible GW signal and one much smaller peak. A few such scenarios with both peaks in a potentially observable domain of signals are isolated 4 : An illustration of the double-peak GW signals where for each signal the two subsequent peak values generated by sequential first-order phase transitions are connected by a single line. In the left panel, we draw all the double-peak configurations found in our numerical scan such that the distribution of lines represent typical magnitudes and peak-frequencies for such signals. In the right panel, we show a selection of seven benchmark points with potentially observable double-peak configurations which are identified as id = 1 . . . 7 as described in detail in Tables I and II. and shown in Fig. 4 (right panel) . The second big group exhibits very small but very similar peak amplitudes for both GW peaks, hence with almost horizontal lines at the level of 10 −28 − 10 −30 , which are qualitatively very different from the lines in the first group. Such tiny amplitudes appear due to a very small energy budget available for the associated FOPTs such that the corresponding differences between the initial and final scalar VEVs are below a few percent. Yet, the peaks are very well separated and distinguishable. The latter group has only academic interest as such low peak magnitudes are less likely to be observable in foreseeable future.
Several benchmark examples of double phase transitions illustrated in Fig. 4 (right panel) and labelled by id = 1 . . . 7 are also presented in Tables I and II providing a detailed information of their properties and the induced GW peak-amplitudes potentially accessible at the future GW interferometers. The corresponding 2HDSM model parameters for each such double transition are given in Table II . Among the potentially visible GW signals, we choose three particular benchmarks for which the highest GW peak-amplitude is in the range of the LISA interferometer. For the latter three transitions corresponding to id = 2, 3 and 5 in Tables I and II we plot in Fig. 5 their full GW spectra to also show the typical shape of such double-peak transitions. Indeed, we notice from this figure that for each double-peak configuration, although the peaks tend to be well-separated in frequency, the second peak is rather small and a significant detector resolution or advanced experimental techniques would be required for its reconstruction. Of course, the tail of the first biggest peak gets modified by the presence of the second one potentially inducing an observable difference with respect to typical single-peak configurations. The larger frequencies however become challenging to observe 1 . While the ground-based spectrometers such as LIGO or VIRGO can probe larger frequencies, they are not so sensitive to the typical range of small amplitudes corresponding to the second peaks in most of our generated double-peak configurations.
Let us discuss basic qualitative features of the selected benchmarks. As we mentioned I: Properties of a few selected sequential (double) transitions whose peaks appear in the sensitivity ranges of planned measurements. Here, the nucleation temperature, T n , the difference between the order parameter v(T ) values computed before and after a given phase transition, ∆v n (see Eq. (3.23)), the scalar VEVs before v i α and after v f α the respective phase transition are given in units of GeV, while the peak-frequency, f peak , is given in Hz. The index id = 1 . . . 7 denotes distinct parameter space points of the considering 2HDSM extension of the SM specified in Table II . For each such parameter space point, two sequential transitions (ordered in T n ) have been found and are denoted as (a) and (b) such that T earlier, some of these FOPTs are strong enough to produce potentially visible GW signatures at the next-generation GW interferometers. Given very different nucleation temperatures, we order such transitions as they occur on the cosmological time scale, such that T Table I achieve the maximal ratio ∆v n /T n ∼ 1, which however is not always correlated with the GW peak-amplitude value indicated in the last column of the table. So, one should take Eq. (3.23) with special care and not automatically assume that the PT strength is given by the ratio ∆v n /T n . For this reason, we consider the relative peak value of h 2 Ω GW as a better phenomenologically motivated characteristics of the PT strength.
Consider, for instance, the first scenario, with id = 1 in detail (small horizontal line in the right panel of Fig. 4) . Here, the GWs signals for sequential transitions (a) and (b) have similar peak-amplitudes. Interestingly enough, in this case, the peak-frequencies are very similar too, although the first transition (a) has a larger frequency than the second one, and this tendency is the same for all the identified benchmark scenarios. The first transition (a) actually corresponds to [0] → Φ, with ∆v n /T n ∼ 1, while the second one (b) has a twice lower ratio ∆v n /T n 0.5 and proceeds at a large constant v s , while restoring the EW symmetry. This is rather peculiar and counter intuitive pattern since naively one would expect a generation of EW breaking vacua at lower temperature, not EW restoring ones. Yet, this particular sequence (a) + (b) corresponds to a single parameter space point specified in Table II for which no other transitions have been found. Due to a relatively small difference in ∆v n /T n ratio for (a) and (b) transitions, their inverse time scales are not very different from each other for the considering benchmark point, such that the first transition (a) last for only about three times longer (compared to the respective Hubble time scale) than the second one (b). Also, the latent heat α released during such transitions is very similar for both (a) and (b).
Note, the frequencies of the (a) and (b) FOPTs in the resulting GW spectra for configurations id = 1, 4 and 7 appear rather close to each other making the corresponding peaks merge such that the second peak is practically indistinguishable. The resulting broad peak amplitude can be large enough to be probed by the planned space-based interferometers such as BBO and DECIGO. Interestingly enough, we found other examples which correspond to sequential double phase transitions where the higher peak-amplitude correspond to lower ratio ∆v n /T n , such as benchmarks id = 3, 5 whose GWs signals are shown in Fig. 5 (red and blue lines, respectively). For these benchmarks, we observe a rather distinct transition pattern [0] → H 2 → H 1 , where the second transition (b) is relatively much longer than the transition (a) producing a rather high GW peak at very low frequency -the features not observed in the previous scenarios.
From case to case, we observe a large variety of very different transition patterns and the phase structure for the considered (a) and (b) cases. Nevertheless, there are several common features that can be noticed for the identified set of double transitions in Table I . In particular, it is worth mentioning that for all the considered benchmark scenarios there are relatively large (but still perturbative) scalar self-couplings which significantly enhance thermal scalar masses, also increasing the high-order (particularly, (m/T ) 3 ) thermal corrections. Indeed, this produces a large enough barrier between the two separate phases (e.g. [0] and Φ phases in the id = 1 case), turning the second-order tree-level phase transition between them into a first-order one. Also, a strong asymmetry between different scalar self-couplings may cause a stronger energy density gradient across the bubble wall despite of a smaller ∆v n /T n ratio, hence causing an effectively stronger transition, and hence a larger impact on the primordial GWs. We notice here that at least one counterpart in each (a)+(b) sequence in all the considering benchmarks is second-order transition at tree level that becomes a FOPT upon inclusion of relatively large higher-order thermal corrections.
We found also examples where (b) transition is stronger than (a) transition, which is what happens in the benchmark sequence id = 2 whose GW spectrum is shown in Tables I and II , these spectra correspond to the benchmark points with id = 2, 3 and 5 (green, red and blue lines, respectively).
(green line). Here, (b) step corresponds to a very strong H 12 → H 1 transition. In fact, such a strong transition releases a big amount of latent heat inducing a pronounced GW peak in the LISA sensitivity range, while its counter part corresponding to a weaker transition (a) produces a smaller peak in the "u-DECIGO-corr" sensitivity domain. This is quite opposite to id = 3, 5 benchmarks.
While for the considering benchmarks there is no a strong correlation between the duration, the latent heat and peak-amplitude of h 2 Ω GW (hence, the PT strength), some minor correlations can still be spotted. Indeed, for transitions in the same sequence (a)+(b), a smaller frequency typically (although, not exclusively) corresponds to a larger GW signal, a smaller nucleation temperature T n , often a larger α and v b , and a smaller β/H. For instance, the stronger transitions often release a larger latent heat and correspond to a smaller β/H in accordance with the full scan data shown in Fig. 2 . This is also related to the fact that in most cases there are two very different types of the phase transitions in the same sequence: the strong transitions are already of the first-order at the leading (m/T ) 2 order of the thermal expansion, while the weaker transitions result from thermal-loop effects. A rich variety of different transition patterns in multi-scalar models such as the 2HDSM implies a variety in potential scenarios for sequential phase transitions where correlations and hierarchies between the main characteristics are very sensitive to the growing number of model parameters becoming less transparent and predictable.
A natural question is that can we expect more sequential transitions for a given parameter parameter space point of the 2HDSM model? In Fig. 6 we present a scatter plot as above but now showing the number of generated GW peaks for each selected sequence of phase transi- peaks in the GW spectra generated by sequential phase transitions against the peak value of the corresponding GW signal, h 2 Ω peak GW , and its peak frequency, f peak , in the considering 2HDSM scenario.
tions. In fact, we observe several points with three subsequent peaks in the GW spectrum 2 occurring due to the multi-step EW phase transitions in the considering multi-Higgs model, all with rather low amplitudes though. The potential observability of such configurations is therefore rather questionable as we were not able to find N-tuple phase transitions in the considering model that would leave more than one GW peak strong enough to be accessible by the future measurements. This however does not mean that such multiple transitions with observable GW spectra can not be found while in even more complicated multi-scalar BSM scenarios they may become more abundant. It is just getting increasingly harder to identify them technically in such models given the growing complexity and dimensionality of the field and parameter spaces.
The observation of multi-peak GW spectra may certainly shed some light on dynamics of the EWPT, particularly, if it is driven by several scalar fields. The discriminating power for multi-peak GW signatures with respect to the underlined multi-scalar field theory is certainly stronger than for single-peak ones, although harder to experimentally observe. In the considered 2HDSM scenario the GW signals with well-distinguished and potentially detectable peak-amplitudes are rather rare. We only found three such configurations in a potentially accessible domain, and all of them with a hardly resolvable second peak as illustrated in Fig. 5 . A new generation of GW detectors reaching smaller amplitudes and wider frequency domains would be needed for a thorough search for such cosmological events. While further studies are important, the production of two well-separated and potentially detectable (by near-future GW interferometers) peaks in the GW spectrum may be possible in two cases: (i) with an enhanced release of the latent heat due to a larger energy budget of EWPTs, and (ii) richer particle spectra typical e.g. in Grand-unified theories where the loop-induced FOPTs (followed by another very strong FOPT) may become strong enough to generate the GW spectra falling within the projected sensitivity limits [36] .
V. EXOTIC COSMOLOGICAL EVENTS
Often in the literature, the multi-step transitions are considered to have only one firstorder transition step which is expected to be much stronger that the other possible steps and thus is typically the only one that should be studied (see e.g. Refs. [45, 46] ). This is also in accordance with findings in the previous section that one of the peaks corresponding to a weaker phase transition has typically a much smaller amplitude if the separation between the peak frequencies is large so that the peaks are distinguishable. However, under certain requirements on multi-Higgs model parameters, in principle, there is a possibility to generate strong multi-step transitions already at leading order in thermal expansion such that several nucleation processes might occur within the same temperature range, e.g. Φ → H 1 and Φ → H 2 , yielding the emergence of rather exotic cosmological events. Let us briefly consider the possibilities that emerge already in a simple multi-scalar extension of the SM like the 2HDSM model discussed above. Quite obviously, different transition sequences could be realized during the same cosmological evolution time scale leading to a universe with coexisting bubbles expanding simultaneously (left panel in Fig. 7) . Indeed, since the effective potential evolves as the temperature of the primordial plasma drops below T n (H 2 → H 1 ), the initial phase Φ becomes unstable in the H 1 direction as well, such that the two PTs towards H 1 and H 2 phases can occur simultaneously yielding the coexisting bubbles scenario. At typical temperatures between T n (Φ → H 2 )
T n (H 2 → H 1 ), the H 2 -bubbles nucleate in a universe filled with the Φphase. Then at T n (H 2 → H 1 ), while the latter are still expanding, the H 1 -bubbles emerge and nucleate inside the H 2 -bubbles giving rise to the nested bubbles configuration. As soon as the potential barrier between the phases Φ and H 1 vanishes, H 1 -bubbles may undergo nucleation in the regions still filled with the Φ-phase. In this case, Φ → H 1 transition washes out the Φ-phase outside of the H 2 -bubbles. For an illustration of such a mixed configuration representing the coexistence of H 1 bubbles and nested H 2 → H 1 phases, see Fig. 7 (middle panel). Ultimately, one considers a configuration with the H 1 -bubbles inside the H 2 ones evolving in a universe containing the H 1 -phase, the so-called reoccurring bubble scenario. Provided that the H 2 -bubbles do not expand into the stable H 1 -phase, we expect that they should be pushed inwards and eventually collapse while the H 1 -bubbles keep nucleating inside them as shown in Fig. 7 (right panel) . See Ref. [24] for an explicit numerical example of such scenarios.
We should of course keep in mind that the nested bubbles could only be nucleated if their nucleation temperatures are very close, which makes them unlikely in general. However, this possibility can not be excluded a priori since certain symmetries of the high-scale theory may impose specific relations between the model parameters (as it is for example the case in Ref. [80] ) making the exotic objects like the ones discussed above theoretically favourable. Since one-step formalism for the primordial GWs spectrum does not apply for sequential transitions that have very similar nucleation temperatures, a more sophisticated approach including, in particular, the mutual bubble wall collisions, remain to be developed in the future.
VI. CONCLUSIONS
We have shown how multi-peaked GW spectra can originate from well-separated multistep phase transitions in multi-Higgs BSM theories. Considering a simple 2HDSM scenario for BSM physics as a suitable benchmark model, by a detailed numerical scan we have found, classified and described the transition patterns that leads to potentially observable double-peak configurations. In many identified cases when two subsequent transitions have a different origin, i.e. one is of second order at tree level that becomes a weakly FOPT once higher order corrections are included while the other is a strong FOPT already at tree level, their combined GW spectrum exhibits two well separated and potentially resolved peaks. On the other hand, if sequential phase transitions occur at nearby temperatures, one may expect formation and nucleation of exotic cosmological objects such as coexisting and nested bubbles. In generic new physics scenarios originating e.g. from Grand-unified field theories, one typically encounters much larger scalar sectors where a more abundant variety of sequential phase transition patterns emerge. This leads to potentially observable multi-peaked GW spectra strongly inspiring further work in this direction.
